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The method of Unrestricted Harmonie Balance (UHB) is a generally applicable procedure to 
determine the Fourier coefficients and constants of motion (frequency, velocity) of non-linear 
periodic phenomena in time and space and was outlined and applied to various problems in 
chemistry in preceding papers. Here the truncation error is investigated by comparing the UHB 
results for various truncation harmonics N with the rigorous analytical solution for the Kepler 
problem which is one of the rare examples of an exactly solvable non-linear problem. 

1. Introduction 

In the preceding 4 papers of this series the 
method of Unrestr icted Ha rmon ic Balance (UHB) 
was developed and demons t ra ted for non-l inear 
oscillations [1], appl ied to stiff o rd inary different ial 
equations in enzyme catalysis [2], used to get stand-
ing and running waves in part ial d i f ferent ia l equa-
tions of chemical reac t ion-d i f fus ion systems [3], and 
extended to t ranscendental funct ions as they occur 
in chemical kinetics, if the exponent ia l dependence 
of the rate constants on the t empera tu re is con-
sidered [4], The ma in features of U H B base on the 
fact that periodic p h e n o m e n a can rigorously be ex-
pressed by an ( infini te) Four ie r series, e.g. for 
oscillations of some state var iable x(t) with period 
T a n d fundamenta l f requency to = 2 n/T as 

00 00 

.v (/) = * + Z xcj cos (/' co 0 + Z xv sin (J (o t). (1) 
./= i ./'= i 

If the non-linearit ies consist of products of state 
variables each product , say p(t), is again of the 
same form (1) and behaves thus l ike a pseudo-l inear 
variable, but now p and the {pCj}, {pSj} are com-
plicated non-l inear funct ions of x, {xcy}, {xsj}, 

(v c /K !>'s/i of the factors x (/) and y (/)• 
In practical appl icat ions the Four i e r series have 

to be truncated at some highest ha rmonic , say A, so 
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that each state variable .v(/) is character ized by an 
(2 A — l)-dimensional vector with components 
.v, {xcj}, |.vs/i and the product fo rmat ion p{t) = 
x{t)y(t) can be expressed by a par t icular vector 
product yielding a (2 A + l)-vector f r o m two 
(2 A-I- l)-vectors as factors. Nevertheless this 
method is "unrestr icted", because A is f lexible and 
can be increased in subsequent passes. The proce-
dure was p rogrammed in a subrout ine and can be 
easily applied every t ime it occurs in the formulas . 
In the case of transcendental funct ions the funct ion 
is expanded in a Taylor or McLaur in series as usual, 
but each power of x is gained f rom the preceding 
power by applicat ion of the mult ipl icat ion sub-
routine. The final result of the manipu la t ions is in 
every case that a system of non-l inear a lgebraic 
equations rather than different ia l equat ions is 
gained which can be solved iteratively by conven-
tional methods, e.g. the method of Powell [5]. 

If the (exact) Four ie r series is t runcated at 
harmonic A, a t runcat ion error results. If two series 
of this truncated kind are mul t ip l ied, the p roduc t 
has its highest ha rmonic of order 2 A, but the 
method needs a fu r ther t runcat ion to A again. So -
especially if repeated mult ipl icat ions occur — the 
truncation errors accumula te , in principle at least. 
Intuitively the decrease of ampl i tudes f rom 7 = 1 to 
j = A was used to control A for a given accuracy, but 
criticism pointed just to that deficiency. 

In order to get some insight into the mechan i sm 
of error prol iferat ion a rigorously solvable non-
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linear sample system is needed whose exact solution 
can be compared to the results of UHB. 

2. The Kepler Problem as a Rigorously 
Solvable Example 

Since generally non-l inear different ia l equat ions 
cannot be solved analytically and a mere compar -
ison with other app rox ima te methods , e.g. the 
Runge-Kutta-Merson s imulat ion technique does not 
seem appropr ia te , f inding a rigorously solvable 
example turned out to be a diff icul t task. But since 
the UHB-method claims to be qui te general the 
domain of chemical kinetics was a b a n d o m e d for 
this purpose. 

The Kepler p roblem of the descript ion of the 
movement of the earth or some other planet a round 
the attracting sun turned out to be the wanted 
example and is given in the textbook on theoretical 
physics by Landau and Lifschitz [6], 

There are di f ferent ways for expressing the equa-
tion of motion, e.g. balance of at tract ion (gravita-
tion) and repulsion (centr i fugat ion) forces leading 
to second order different ia l equat ions with cor-
responding initial conditions. Here another fo rmula-
tion utilizing certain conservation laws appeared to 
be more appropr ia te . 

The elliptic revolution of the earth a round the 
sun is shown in Figure 1. a and b are long and short 
axis of the ellipsis, e is the numerical excentricity. 
The sun with mass M is located in one focus of the 
ellipsis, the earth with mass m has the coordinates 
A* (/) and y (/) and components of velocity A(/) and 
v (/), the distance sun-earth is r = ]/.v2 + v2. Then the 
total energy E as sum of kinetic and potential 
(gravitational) energy of the earth is a constant of 
motion and given by 

E = \m (Ä2 + V2) - y{Mm/r), (2) 

where y is the gravitat ional constant. 
Another constant of mot ion is the r - componen t of 

angular m o m e n t u m 

Q : = M (A- Y - V A) . ( 3 ) 

Defining e as energy per mass unit of earth and 
q as angular m o m e n t u m per mass unit we get 

e - E/m = 4 (A 2 + V2) - y M/r ( 4 ) 

and 

q = Q-Jm — x v — v x. (5) 
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Fig. 1 a. Ellipsis of the Kepler problem of the revolution of 
a planet around the sun. Assumed excentricity e = 0.43589 
corresponding to x = 0.9. The points are equidistant in 
time and reflect the varying velocity. 
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Fig. 1 b. Dimensionless coordinates c and rj vs. r for one 
period showing the non-linearity. 

Besides, q is double the area spread over by the 
radius vector per unit t ime which is constant , too 
(Kepler's second law). T h e problem can be simpli-
fied without loss of generali ty, if d imensionless 
variables are introduced. Bearing in mind that 
attracting states with negat ive energy are considered 
we choose 

c = — 2e x/y M, (6) 

q = — 2e y/y M, ( 7 ) 

t = ( - 2 e)vlt/yM (8) 

and need now only one pa ramete r , namely 

x = {-2e)mq/yM. (9) 
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With 

d.Y d.v de d r 1/2 dc, 

~~~dE~dr~dt~(~ ~e) "dr 
dt 

(4) becomes 

2 2 

and (5) t ransforms to 

d c \ 2 / V 2 

d r / \ dt W+rf 

y = c 
„ drj 

d r n 
d £ 

d r 

(10) 

(11) 

(12) 

The solution is tried in a pa ramet r i c representat ion, 
according to Landau-Lifschi tz : 

q = a(e + cos cp) , 

ij = b sin cp, 

r = c{(p + £s in cp) 

with 

b = a YY^e1 

(13) 

(14) 

(15) 

(16) 

(C - a e)2 
1 A Q - A E , 

since sin cp = — and cos cp = , and 
2 b a a" rj 

+ —i = 1 describes an ellipsis, (p goes f r o m 0 to 2 n as 
b 

z goes f rom 0 to T=2n/co so that f r o m (15) c is 
seen to be \/co. 

Insertion of (13), (14), (15) into (12) and regard-
ing 

d£ dq dep d e I d r 

d r dcp d r d(p / dep 

yields 

a(e + cos (p)b cos cp b sin cp a sin (p ab 

c (1 + e cos (p) c 

(17) 

x = + 
C ( 1 + £ COS (p) 

The same procedure on (11) leads to 

- — = — a 
sin2 cp 

c (1 + e cos q>y 
+ b2-

cos2 (p 

C (1 + £ COS (pY 

]/ßr2 (fi + cos <p)2 + b2 sin2 cp 

1 a2 (sin2 <p + (1 - £2) cos2 cp) 

C (1 + £ COS (pY 

ci ff i2 -I- 2 £ cos (p + cos2 cp + (1 — £2) sin2 cp 

1 a2 (1 — £ cos (p) 1 

2 c2 (1 + £ cos <p) a (1 + £ cos cp) 
(19) 

or 

( 1 + £ cos w) 7 (1 - £ cos (p) + — = 0. (20) 2 2 cA a 

This to be true for arbi t rary cp needs 

+ 7 = 0 
2 2 c2 

and 

+ — = 0 . 

(21) 

(22) 2 2 c2 a 

So for given constants of motion, e and q, i.e. 
given 

o = l (23) 

and 

co=\/c=\ (24) 

and with (16) and (18) 

b = y 1 - e2 = x or £ = y 1 - x 2 . (25) 

So the meaning of x is to be the rat io of the short 
axis to the long one. It must be chosen to lie 
between 0 and 1. 

3. UHB-Treatment 

We start f rom (11) and (12) and choose a 
formulat ion that avoids square roots, bu t uses prod-
ucts throughout instead. Basically there are two 
independent variables, and rj, that should have the 
form (1) each, but the symmetry axis (£-axis) can be 
utilized to reduce the complexity. Choosing the 
time zero in such a way that the mot ion starts on a 
point on the c-axis we can write 

and 

Q (T) = Q + Z f c j cos ( j a) T) 

*7(t) = Z 7s/ sin (J co r) 
7=1 

(26) 

(27) 

without loss of generality of the results, i.e. is 
symmetric with respect to t ime reversal and rj is 
antisymmetric, or q is of cosine type whereas rj is of 
sine type. 

This property has to be noted by appl icat ion of 
the multiplication procedure as given in [1], So in 
the numerical computa t ion a slightly d i f ferent 
modificat ion of the original subrout ine P R O D was 
used that utilizes fully these s implif icat ions with the 



result of substantial t ime savings. In part icular the 
result of the mult ipl icat ion of two sine or two cosine 
variables is of type cosine, whereas mixed multi-
plication (cos * sin or sin * cos) yields a sine-type 
result. It turns out that all actually resulting — even 
intermediate — products are of cosine type, since 
d;/ /dr is cosine and d c / d r is sine type. 

The equations most suitable for the UHB-treat-
ment are 

and 

\ d r 

dn_ 
dr 

dc 
i] — 1 — x = 0 . 

4 = 0 (28) 

(29) 

With (26) and (27) 

and 

co X / Cc /sin(/a» r) 
d r / = 1 

d// ^ 
— = CO 'hi COS (/' CO T) . 
dr / = , 

(30) 

(31) 

Forming products (part icular vector products of the 
UHB method, special symbol O ) 

and 

d= c O — 
d r 

^ dc 
. / = / / 0 — , 

d r 

we get f rom (29) N + 1 equat ions 

d - f - x = 0, 

dCj-fCj=0 for j-

With fur ther products 

.. N 

g d r d r 

h - ^ - Q ^ - . 
d r d r 

o = c 0 c , 

p = q O t] 

the linear functions 

5 = g + h + 1 , 

u—o+p. 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

and finally the products 

V = J 0 i , 

vv = v O u 

we get N + 1 more equat ions 

vv - 4 = 0 , 

H q / = 0 for j = \ , . . . , N , 

(42) 

(43) 

(44) 

(45) 

so that a total of 2 N + 2 non-l inear a lgebraic 
equations is balanced by 2N + 2 unknowns, namely 
co, c, {Ccy}, {r/y}. The whole p rocedure needs the 
formation of 8 products O , all results being of 
cosine type, which indicates that the problem is 
highly non-linear and by no means a "harmless" 
particular sample. Only for x = 1 the result is 
purely linear wi thout overtones. 

4. Comparison of U H B Results with the 
Analytical Solution 

For a given pa rame te r x the analytical solution is 
(vd. (13) through (16) and (23) through (25)) 
c = 1 — x2 + cos cp, t] = x sin cp, r = cp+ ]J 1 — x2 sin cp 
for 0 ^ cp ^ 2 7t, but the results of the U H B treat-
ment are co, c, {cc/)> {isj} f ° r . / = ..., N. There are 
two possibilities to compare both results; ei ther £ 
and rj are computed for par t icular t imes r, or the 
analytical results are expanded in a Four ie r series; 
co can be compared directly. T h e latter me thod 
seems to be more convenient , so the Four ie r coeffi-
cients of the analytical funct ions have to be 
derived. 

From (26) and (27) follows 

<f = - j c ( r ) d r , 
1 o 

2 T 

Qci = — I C (r) cos (/' COT) d r , 
J o 

2 T 

th/ = — J / 7 ( r ) s i n ( / a > T ) d r . 
' o 

(46) 

(47) 

(48) 

Since c. >/ and r are given as funct ions of cp, these 
integrals have to be t ransformed 

— f (1/1 - X2 + cos cp) 
2 71 o 
• (1 + ~~ y 2 cos cp) dep , (49) 
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2 n 
Qcj = — J (1/ 1 - X 2 + COS (p) 71 0 

• cos [/ (p +j ]/1 - x2 sin cp\ 

• (1 + ]/1 - x2 cos (p)dcp, (50) 

7s, = — [ x sin (p sin [/' <p + j ]/ 1 - x2 sin q>] n o 

• (1 + ]/1 - X2- cos (p) dep . (51) 

(49) can be readily solved and yields 

<f = 1 . 5 f l - x2 , (52) 

whereas (50) and (51) lead to Bessel funct ions of the 
first kind J n { : ) [7], namely 

Cc/= ( - I)7' { [ 3 ] / l - x 2 7 / ( / ] / l - x 2 ) 

- (2-x 2 ) [J / + 1 ( / fT^7) 

+ y / _ 2 ( / y i - x 2 ) ] } , (53) rhj=(-lY x{[Jj+i<jV l - X 2 ) 
-JMU)/ \ - y? )] 

- Y / _ 2 ( / | / 1 - X 2 ) ] } ( 5 4 ) 

with 
.2/c 

J n ( Z ) 2%?o( 22H-!(n + /c)!' ( 5 5 ) 

The comparison was done for x = 0.9 corresponding 
to £ = 0.43589 (the excentricity of the ecliptic e.g. is 
only 0.0167) and the U H B treatment was executed 
for N = 6. 12, and 24, each higher pass using the 
results of the preceding lower pass as a starting 
point. The first two passes (JV = 6 and 12) were 
performed with the normal program using Powell 's 

method for the solution of the system of non-linear 
algebraic equat ions 

/ (*) - 0. (56) 

Since the transition f rom N= 12 to N = 24 means 
only a small ref inement , the much simpler though 
normally often nonconverging Newton-Raphson 
method was used which needs much less storage. 
Since the evaluat ion of the Jacobian matr ix and its 
inversion is by far the most t ime-consuming step, 
this was pe r fo rmed only once and the inverse 
Jacobian J - 1 of the first i teration was used un-
changed for the subsequent i terations k according to 

*(*+') = (57) 

The results are given in Table 1 in full accuracy of 
the used personal compute r H P 85 together with the 
absolute errors. To give the absolute rather than the 
relative errors seems to be reasonable, because to 
get c (r) and ?/(r) itself all £c/- or a/s/ have to be 
multiplied by cos ( / c o r ) or sin {joox), respectively, 
which change between — 1 and + 1, and because 
a, b, and c are = 1 or slightly smaller. The decrease 
of the exact ampl i tudes Cc2/cci is 4.08 • 10~3 for 
JV = 6, 4.67 • 10"5 for N = 1 2 , and 1.72 • 10 - 8 for 
N = 24. and the decrease of is very similar. 

5. Conclusions 

The error analysis shows that in the most signifi-
cant cases (JV= 12 and 24; the case N = 6 is only 
transient) the greatest error is in or, it follows 
'7si- C, cc2- c C | . '7s2 as can be seen f rom Table 2. The 
order of the magni tudes of these quant i t ies is co, 
Cd- '7sî  C, c c 2 . r/s2, i.e. only <fci has another posi-
tion. It is interesting that when compar ing these two 
cases even the signs of the errors are equal and the 
ratios are for TV = 1 2 to N = 24 with 871 ± 10 
relatively constant. In each column the errors de-

Table 2. Error analysis (mean ratio = 871 ± 10). 

UHBp UHB^ ratio errors UHB,4 
abs. error [IQ"4] abs. e'rror [10~6] UHB i : /UHB2 4 rel. error [10"6] 

OJ - 7 0 . 4 5 - 8 . 0 5 8 7 5 - 8 . 0 5 

¥ + 5 2 . 7 1 + 5 . 9 6 8 8 4 + 6 . 7 8 ¥ + 1 4 . 9 3 + 1 . 7 5 8 5 3 + 2 . 6 8 
- 1 0 . 9 2 - 1 . 2 5 1 8 7 3 - 6 . 5 3 

Ccl + 7 . 9 7 + 0 . 9 2 0 8 6 6 + 0 . 9 9 

'hi - 7 . 6 3 - 0 . 8 7 5 8 7 2 - 4 . 7 8 



crease with / so that the highest harmonics have not 
only the smallest ampl i tudes , but also the smallest 
absolute error, a l though their relative error would 
be much greater. The mean error rat io is of the 
same order of magni tude as the decrease of the 
ratio of last to first ampl i tude f rom N = 12 to 
N = 24 (namely 2715). It could be expected that the 
truncation at j = N, i.e. the assumpt ion that all 
ampli tudes A, for j > N are equal to zero, causes the 
last ampli tude AN to behave in an especially un-
predictable way, but this is not observed: all ampl i -
tudes fade smoothly with higher /'. Thus the fo rmer 

intuitive procedure to watch the convergence of the 
quanti t ies and to let the decay of ampl i tudes guide 
the choice of the final N is just i f ied, at least in this 
rigorously solvable example. 
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